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Abstract 

Let 17 be a bounded symmetric domain except the two exceptional domains of 
C N and 4> a holomorphic self-map of f2. This paper gives a sufficient and necessary 
condition for the composition operator induced by <fi to be compact on the Bloch 
space (3(SY). 
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1 Introduction 

Let T> be a bounded homogeneous domain in C^. The class of all holomorphic functions 
with domain T> will be denoted by H(D). Let eft be a holomorphic self-map of T>. For 
/ £ H(T>), we denote the composition fo(j> by C^f and call C$ the composition operator 
induced by cj>. 
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Let K(z,z) be the Bergman kernel function of D. The Bergman metric H z (u,u) in 
V is defined by 

1 a 2 logK(z,z) _ 

where zGD and it = (ui, . . . , ix/v) £ C^. 

Following Timoney [1], we say that / G ^(P) is in the Bloch space (3(D), if 



ll/ll/J(x>) = supQf{z) < oo, (1) 



where 



Q/(z) = snp { 1 V/(£H .^civ^ojv 



and V/W = " " " > > V/(*)« = E If 



iV 

£ 

Z=l 

Let .D be the unit disk in C. Madigan and Matheson [2] proved that is always 



bounded on (3(D). They also gave the sufficient and necessary condition that C<f> is com- 
pact on (3(D). 

Recently, Shi and Luo [3] proved that is always bounded on (3(D), where I? is a 
bounded homogeneous domain in C N . They also gave a sufficient condition for to be 
compact on (3(D) (i.e., Lemma 3). So this result leads us to ask whether the condition is 
also necessary. Zhou and Shi [4] give an affirmative answer to this question for classical 
bounded symmetric domains. In fact, the original purpose of the typescript for [4], is to 
answer the question in the bounded symmetric domains of C N , but in the final proof, 
the referee point out a fatal mistake which we aren't able to correct that time, upon 
the suggestion of the referee, we cancel out the last part and published in the form of 
[4] which discussed only in the four types classical bounded symmetric domains. The 
following paper overcome difficulty and solve the problem, for the method used here we 
essentially follow [4], but some new techniques have been used. 
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symmetric domains. The other two types, called exceptional domains, consist of one 
domain each (a 16- and a 27-dimensional domain). 

In what follows, denotes a bounded symmetric domain except the two exceptional 
domains of C^, and <f> a holomorphic self-map of If U = {u^i) mxn is a m x n complex 
matrix, write u = (tin, . . . , u± n , . . . , u m ±, . . . , u mn ) as the corresponding vector of matrix 
U and v! is the conjugate transpose of u. C is a positive constant, not necessarily the 
same at each occurrence. 

In this paper, we will give a sufficient and necessary condition that the composition 
operator is compact on 

Let A = (ajk)mxn, B = (bi r ) pxq . The Kronecker product of A and B, defined by 
A x B = C = (cjik r ), is a mp x nq matrix, where cjik r = CLjkhr- 

It is well known [5] that the classical bounded symmetric domains Ri, Ru, Rni, and 
Riv can be expressed as follows: 

Ri(m, n) = {Z : Z is a m x n complex matrix, I rn — ZZ' > 0}, where I m is the mxm 
identity matrix (m < n). 

Rll(p) = {Z : Z is a p x p symmetric matrix Z = Z', I p — ZZ > 0}. 

Rlll(q) = {Z : Z is a q x q antisymmetric matrix Z = —Z,'I q + ZZ > 0}. 

Riv(N) = {z : z = Oi, . . . , z N ), 1 + \zz'\ 2 - 2zz' > 0, \zz'\ < 1}. 

Their Bergman metrics are the following respectively [6]: 



where Z G R[(m,n) and U is a m x n complex matrix, u is the corresponding vector of 
U, u' is the conjugate transpose of u. 



H{{u, u) = {m + n)u(I m - ZZ'y 1 x (/„ - Z' 



zy x u 



(2) 



H^(u,u) = {p+l)u(I p - ZZ)' 1 x (I p - ZZ)' 1 !! 



(3) 
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vector of U. 



H^"(u, u) = 2(q - l)u(I q + ZZ)- 1 x (I q + ZZ)~ L H 



(4) 



where Z 6 Rin{q) and [/ is a qxq anti-symmetric complex matrix, u is the corresponding 
vector of U. 



Hl v { U , U ) 



2N 



(1 + \zz'\ 2 - 2zz') 2 
( \'( 

-2 



(1 + \zz'\ 2 - 2zT)I N 



\ Z J 



1-2 z z zz 



zz 



-1 



\ z ) 



u . 



(5) 



where z £ Riv(N) and u £ C N . 
Our main result is the following: 

Theorem Let $7 C be a bounded symmetric domain except the two exceptional 
domains and (f> a holomorphic self- map of 17. Then is compact on the Bloch space 
f3{Q.) if and only if for every e > 0, there exists a 5 > 0, such that 

H Hz) (Jcf>(z)u,J<f>(z) U ) 



< e, 



(6) 



H z (u,u) 

for all u G — {0} whenever dist(4>(z) , d£l) < 5, where H z (u,u) is the Bergman metric 

of a 

Remark It is well known that the unit ball and unit polydiscs are bounded symmet- 
ric domains, so the above result holds in the unit balls and unit polydiscs. Furthermore, 
we can also obtain Theorem 2 in [2]. 



2 Some Lemmas 



In order to prove the Theorem, we need the following Lemmas. 



Lemma 1 ([1], Theorem 2.12) Let V C be a bounded homogeneous domain. Then 
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denotes the Bergman metric on T>, J(f)(z) = f — ) denotes the Jacobian ma- 

\ OZk / l<l,k<N 

n d<pi{z) 

trix of(f>, and J<j)(z)u denotes a vector, whose Ith component is {J(j){z)u) l = J2 u k, 

k=l OZk 

1 = 1,2,... ,N. 

Lemma 2 ([3], Lemma 3) Let V be a bounded homogeneous domain in C N . Then is 
compact on (3(D) if and only if for any bounded sequence {fk} in (3(D) which converges 
to zero uniformly on compact subsets ofD, we have \\fk ° 4>\\f3(p) — ► 0, as k — > oo. 

Lemma 3 ([3], Theorem 3) If (f> : D — > D is a holomorphic self-map, where D is a 
bounded homogeneous domain in C N . Then is compact on (3(D) if for every e > 0, 
there exists a 5 > 0, such that 

H 4>(z) {J4>{z)u,J(j){z)u) 

— — — < £ 

H z (u,u) 

for all u G — {0} whenever dist{(f){z), &D) < 5. 

Lemma 4 ([4], Lemma 4) Let D be a bounded homogeneous domain of C N , and let 
T(z,z) denote its metric matrix. IfT(0, 0) = A/jv, where X is a constant depending only 
on T>, then a holomorphic function f onD is in (3(D) if and only if 



sup hf(z)T~\z, z)xjf(z)'} < oo. (7) 
If (7) holds, then there exists a constant C depending only on D such that 

\ p(p) < Csu V {yf(z)T- l (z,z)^J(z)'\. 



Lemma 5 ([1], Proposition 4-5) Let D be a bounded homogeneous domain in C N . If f 
is a bounded holomorphic function in D, then f £ (3(D) and there exists a constant C 
depending only on D, such that 
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It is well known that every m x n (m < n) matrix A may be written as A = 

m 

U( ^kEkk)V, where U and V are m x m and n x n unitary matrices respectively, 
fc=i 

and Ai > • • • > X m > 0, Ekk is a m x n matrix, the element of fcth row and /cth col- 
umn is 1, and other elements are 0. Hence for every P G Ri(m,n) (m < n), there exist 

m 

m x m unitary matrix U and n x n unitary matrix V, such that P = U(J2 ^kEkk)V, 

k=i 

(1 > Ai > ••• > A m > 0). 



Lemma 6 ([4], Lemma 8) Let P = U 



and write 



Ai 
A 2 

















\rn 



V € Ri, 



Q = U 





1 



yr^A 



i 



v, 



R = V 



o 
i 








V 



0(n— m)xm ^n—m 



v, 



where U and V are mxm andnxn unitary matrices respectively, and X±> ■ ■ ■ > X m > 0. 
For Z e R u denote <5> { p ] {Z) = Q(P - Z)(I n - P'Z^R' 1 , the 
(I) G Aut(Ri); 



len 
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(IV) d<S> ( p\z)\ z=P = -QdZR,d<S> ( p\z)\ z=0 = -Q^dZR- 1 ; 

(V) <f> { p\z) = Q-\l m - ZP')~ l {P - Z)R, for Z G R r , 

(VI) (I m - ZT')Q (l m - ^p{Z)^p{Z)^j Q\l m - PZ') = I m - ZZ', for Z G R T . 

3 An Important Proposition 

Proposition Let Ra{A = I, II, III, IV) be a classical bounded symmetric domain. If 
a J G Ra, d{a 3 ,8Ra) — ► as j — > oo, and tt> J G — {0}, then exists a sequence of 
functions {/j} satisfying the following three conditions: 

(i) {fj} is a bounded sequence in (3{Ra)\ 

(ii) {fj} tends to zero uniformly on any compact subsets of Ra] 

(hi) Iv/jVVI > c. 

Hl{wi,wi) 

Proof Note that the construction of the test functions in [4], and replace 4>(Zj) by 
a,j at a time, we can construct a sequence of functions {fj} satisfying the above three 
conditions. For example, for the reader's convenience, we give the proof for the domain 
Rj. But the proof completely follows from [4], if necessary, the proof can be also omitted. 

We construct a sequence of the functions according to the following four parts. 

Part A: To construct the sequence of {fj}, we first assume that 

a? = rjEuJ = 1,2, ... , 

where E^i is a m x n matrix, the element of kth row and Zth column is 1, and other 
elements are 0. It is clear that < r j < 1 and r 3 ■ —>■ 1 as j — > oo. 

Denote = (w J u , • • • , w{ n ,w J 2l , • • • , w> 2n , ■■■ , w 3 ml , • • • , w J mn ). Using the formula (2), 
we have 

H^, W P)=H I r . Ell {wi,vP) 
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( 



(m + n)uP 



(l-rf)- 1 








ij V o 



(l-rj)- 1 








[m + n) 



3 |2 
111 



(1-r 2 ) 2 1 1-r 2 



+ EKl 2 + Ekil 2 + E 



i 1 2 



J M=2 



fc=2 



2<k<m,2<l<n 



Denote 



J 12 
111 



4 / _ 



(1 - 



5 



J 1 _ r 2 

3 \l=2 



EKI 2 + EK 



, 2 

fen ' 



fc=2 



3 



•w 



3 |2 



2<k<m,2<Kn 



then 



K {uP, uP) = (m + n)(4 + B/ + C/). 



We construct the functions according to three different cases: 



Case 1 If for some j, 



max(B/,C/)<Aj, 



then set 

fj(Z) = log (l - e'^-^zn) - log (1 

where Z = (zm), 1 < k < m, 1 < I < n and a is any positive number. 
Case 2 If for some j, 

max(Aj,C/) < B/, 

then set 

/ n m. \ 



«J=2 



fe=2 



l_ e -a(l-r,) VI -ZnJ' 



(8) 



(9) 



(10) 



(11) 



(12) 
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Case 3 If for some j, 

max(Aj,B/)<C/, (13) 

then set 

\2<fc<m,2<Kn / \ V 1 _ e " a( ^1 V / 

where a is any positive number, and 6 J kl = argu;-^, 2 < A; < m, 2 < I < n. If vP kl = for 
some k or /, replace the corresponding term e~ te kizki by 0. 

Let -E be a compact subset of Ri, then there exists a p G (0, 1) such that |zn| < p, 
for any Z = (z^i) G -B. It is easy to show that the sequence of functions defined by (10), 
(12) and (14) respectively, converges to zero uniformly on E as j — > oo, so the sequence 
satisfies the conditions (ii). 

Now we prove the above sequence satisfies the condition (i). 

For the functions defined by (10), it is easy to see 

v« z > - (£( z )---£< z '---£< z )-l£:( z > 



.„.....,).... .,)....,)) . 



From formula (2), it is easy to know that the metric matrix of Rj(m, n) is 
T(Z, Z) = {m + n)(I m - ZZ'y 1 x (I n - z'Z)~\ 

so T(0, 0) = (m + n)I mn , and 

T~\Z, Z) = {m + nY l {I m - ZZ') x (/„ - Z' Z). 

Thus 

V f,(Z)T-\Z, Z)^f~(Z)' = (m + n)- 1 \^(Z)\ (l - £ |z u | 2 ) (l-f^ 

2 



dzy 

= (m + n)- 1 (i-y\ Zll \A (i-y\ Zk A 



\zki\ 2 



-a(l-rj) ^ 
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Now Lemma 4 gives 



\\f 3 \\ mi) <lQC{m + n)-\ 



This proves that the functions (10) satisfy condition (i). 

For the functions defined by (12), If Z G Ri(m,n), we have 



I m — ZZ = I S s t — Zsfc^tfc 



> 0. 



fc=i 



Ks.Km 



Hence 



/„ - Z'Z = id st - ^ z ksZkt I > 0. 

\ k=l / Ks,t<n 



Su - ziizi1 = 1 ~ Y \ zii \ 2 > °- 



;=1 



m 



hi ~ Z kl z kl = 1 - Y \ Zkl \ 2 > °- 
fc=l fc=l 



Now (15) and (16) imply 



\fj(Z)\ 



k=2 



vZ=2 fc=2 



1 _ g-^l-r-j) 



^11 



+ 



=2 / \A;=2 

1 



V 71 - zn 
1 



+ 



1 



(15) 
(16) 



< (^/n + \fm) J 1 — \z\\ 



+ 



V 1 l^ii I V 1 - knl 
1 



V 7 ! - kn| V 1 - kn 



< 4(V^ + Vn)- (17) 



From Lemma 5, (17) means that {/,} satisfy the condition (i). Similarly, we may prove 
the functions defined by (14) satisfy the condition (i). 

At last, we prove that the sequence of functions defined by (10) satisfies the conditions 
(iii). In fact, by (8) and (9), 

(w j ,w j ) = (ro + n)(£ + B\ + C\) < 3(m + n)A\. 
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> 



3(m + n 

I i 

3(m + n) 



■(l-rf) 



1 



-a(l-rj) 



1 — Vj 1 — e °( 1 ^'Vi 



(i - rj )e- a ^-^y 

1 - e'^-^n 



and 



lim 



1 (1 - r 3 )e 



-o(l-rj) 



1 _ e -o(l-rj), 



a + 1 



This proves the sequence of functions defined by (10) satisfies the conditions (hi). Simi- 
larly, we can prove the sequence of functions defined by (12) or (14) satisfies the conditions 
(hi). 

Part B: We assume that 

a? =r f) Ell +rf ] E 22 , 

where 1 > r^p > r^p > 0. By a J — > dRi, we may assume that r^p — > l,rj 2 ^ — ► Ao(< 1). 

If Ao = 1, using the same methods as in Part A, we can construct a sequence of 
functions {fj(Z)} satisfying the three conditions (i), (ii) and (hi). 

If Ao < 1, by Lemma 6, there exist <I? 7 m (2) G Ri and & (1) 6 i?/, such 



that m 
we denote = (V {1) 



(rf^n + rf E 22 ) = and <^ (1)£ ^rffiu) = (j = 1,2,-")- If 



-i 



, then g i? 7 and ^ 



7 J = 



gr(j) (rf W + rf ^22) = rf^n = r^n, where rj = rf\ 

Set gj = fj o vjf(i) : where {fj} are the functions obtained in Part A. Since ^^\Z) G 
Aut(Ri), it is clear that 

H^(w j ,w j ) = Hi J(aJ) (jtfk'VV, ^°VV) = ^En^^ 3 '), (18) 



where 1^ = J<j>{Z3)v? = J^\<f>(Z3))vP . It follows from (18) that 



|v(Sj)(a j V 



lv(/j)(^ny; 



Now the discussion in Part A shows that 
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that is, {gj} satisfies condition (iii). 

We prove that {gj} is a bounded sequence in (3(Ri); In fact, since 

Q gj {Z) = Q f . oi6U) (Z) = Q f . (*&">(Z)), 

so llfjll^R/) = ll/jll^R/) is bounded. 

Now we prove {gj} tends to zero uniformly on compact subset E of Ri. 

If we write = (tp^(Z)) , by the definition of tfO') and Lemma 6, 

a direct calculation shows that 

/0'W\ i ( 2 ) ^12^21 , 1fV . 

Wi(Z) = zn + r) m . (19) 

1 - r) 'z 2 2 

It is easy to show that ip^{Z) converges uniformly to ipn(Z) = z\\ + Ao Zl2 ^ 21 — on 

1 — A0Z22 

Ri(m, n). 

Since Ao < 1, Ao-Eii + A0-E22 G Ri, similarly, there exists *£(Z) G Aut(Ri), such 
that ^(Ao-En + A0-E22) = Ao-En, and the first component of ^(Z) is ipu(Z). It is clear 
that i>u{Z) is holomorphic on Ri. Let M\ = sup |Y>ii(.Z)| = \tpu(Zo)\, {Zq G E). From 
G Aut(Ri), we know Mi = \ipu(Z )\ < 1, so we may choose M > with M 1 < 
Mo < 1. So for j large enough, ^^(Zo)! < Mo, from this it follows that 

l-|4i } (Z)| >1-M >0, 

by the definition of fj(Z), it is easy to know gj(Z) = fj o ^^\Z) tends to zero uniformly 
on E. So gj(Z) satisfies the three conditions (i), (ii) and (iii). 
Part C: Assume that 

m 

ftZ*) = ]T rf ] E kk , (1 > rf > if >...> r< m) > 0). 
k=i 

By the same discussion as in Part B, we can construct a sequence of functions fj(z) which 
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Part D: In the general situation, <\>{Z 3 ) G Rj(m,n), so there exist m x m unitary 
matrix Pj and n x n unitary matrix Qj, such that 

m 

Pj(HZ j )) Q, = £rf P fefc . 

k=i 

We may assume that Pj — »■ P and — »■ Q, as j — »■ oo (let Pj = {pf),P = {p kl ), Pj — »■ P 
means that — > p fci as j — > oo for any I > k > m, 1 > I > n). Let ip J (Z) = PjZQj, 
i&(Z) = PZQ, Z e Rj(m, n). It is easy to show that P is a m x m unitary matrix, Q is 
a n x n unitary matrix and ip^\Z) converges uniformly to ip(Z) on Rj. 

Let Qj(Z) = fj (ip(j)(zfj , where {fj} are the functions obtained in Part C. From the 
same discussion as that of Part B, we know Qj{Z) satisfies conditions (i) and (iii). For 
the compact subset E C Ri, it is easy to know ip(E) is also a compact subset of Rj, so 
we can choose an open subset D\ of Rj such that ip(E) C D\ C Di C P/. Since ip^(Z) 
converges uniformly to V'(^) on P/) so as i — ^ °°> ^(E) C Pi. Since /j(^) tends to zero 
uniformly on D\, we know <7j(Z) = fj (ip^(Z)^J tends to zero uniformly on E C P/, i.e., 
<7j satisfies condition (iii). 

The last claim follows from the discussion in the above. This completes the proof. 

4 Proof of Theorem 

It is well known that a bounded symmetric domain except the two exceptional domains 
can be expressed as a topological product of the first four types of irreducible domains 
Ra(A = I, II, III, IV). So we may assume that Q. = Qi x $72 x • • • x where Qk C 
C Nk ,(k = 1,2... , n) are the classical bounded symmetric domains and N\ + N2 + . . . + 
N n = N. It is obvious VL is homogeneous, so by Lemma 3, we only need to prove the 
condition (6) is necessary. 
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known that 



Kn(z, z) = Kq^z^z-C) x Kn 2 (z 2l z 2 ) x . . . x Kn n (z n ,z n ), 



Tq(z,z) 



Tq 1 (zi,zi) 

T n2 (z 2 ,z 2 ) 








••• T nn (z n ,z n ) 

H?(u, u) = H^ 1 (m, «i) + H^(u 2 , u 2 ) + . . . + #?» K, u n ), 



(20) 



where u = (ui, . . . , u n ), Uk G C fc (/c = 1, 2, . . . , n), and H^(u, u) = H z (u, u). 

Now assume the condition (6) fails, then there exists a sequence -{V} in with 
(^(V) — > c?Sl, as j —> oo, u J G — {0}, and an Eq, such that 

(m*v\ wy) 



(21) 



for all j = 1, 2, . . . . Write Jcj)(z^)u^ = , by (20), we have 



^KX) = H^(wi,w{) + H^ JA (wiM) + ■■■ + (22) 



n(Zn) 



where m;- 7 = (uij, ti^, • • • , wD,wl. 6 C^, (fc = 1,2,..., n), and = (</>i, </>2, • • • , n ). It is 
obvious that for some k, without loss of generality, we may assume for k = 1, there exists 
a subsequence {j s } which we still denote by {j}, such that 



d = 2,. ..,n). 



So by (22) 

h 4>{ z i)\~ > ~ / - ""^(^ 
Since f2i is a classical bounded symmetric domain, denote a J = 0i(£ J ), by the impor- 
tant Proposition we may construct a sequence of functions {fj} satisfying the following 



H^ z M,w^)<nH^ f M,w{). 



(23) 
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(b) {fj} tends to zero uniformly on any compact subsets of S7i ; 

(c) L^(gHJ > c. 

We first prove that {fj} as a function sequence on Q is a bounded sequence in /?(f2). 



In fact, 



lv(/j)(*M lv(/j)(*i)«i| 



(«, «) (fl^ 1 (Ul, «l) + . . . + K, «„)) 

lv(/j)(*i)"i 



< 



(fl^K.ui))' 
so {/j} is a bounded sequence in 

For the compact subset .E C $7, let £d = {zi : (zi, 22, . . . , z n ) e E C £1}. It is easy to 

know Ei is a compact subset of f^. We also have 

sup|/j(z)| = sup \fj(z!)\ 0, 

ze£ 216-B1 

as j — »■ co. i.e., {/_,■} tends to zero uniformly on compact subsets of Q. 
Now we prove HC^/jH^) -fr 0. In fact, by (22) and (23), we have 

W c M\f3(n) = Wfj ° How ^ QfM z3 ) 



> 



1 1 

2 



(^3 («,«)) 5 



1 

iv(/,)(^))W)^'i J ^s^) w« j v> M^y) 1 7 



-' \'-~n ; ' -~ -■ 



1 1/ 1 



by (c), we know HC^/jII^q) as j — ► 00. This contradicts the compactness of by 
Lemma 2. Now the proof of the Theorem is complete. 
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